ON THE UTILITY OF ROBINSON-AMITSUR ULTRAFILTERS

PASHA ZUSMANOVICH

ABSTRACT. Two similar embedding theorems for algebras and groups are pre-
sented, basing on a certain old ultrafilter construction. As an application, we
outline alternative proofs of some results from the theory of PI algebras, and
establish some interesting properties of Tarski’s monsters.

INTRODUCTION

In 1960s, Robinson and Amitsur established a number of embedding results in
Ring Theory which proved to be useful in various structural questions. A typical
example: if a prime ring R embeds in the direct product of associative division
rings, then R embeds in an associative division ring (see, for example, [E, §6]).

The proof of these results follows the same scheme: basing on the initial data — a
ring embedded in the direct product of rings — a certain ultrafilter, which we call a
Robinson—Amitsur ultrafilter, is constructed. Using this ultrafilter, one passes from
the direct product of rings to their ultraproduct, and appeal to Lo§’ theorem about
elementary equivalence of an algebraic system and its ultraproduct completes the
proof.

In this note we, first, extend this argument to the case of arbitrary (nonas-
sociative) algebras (Theorem 1.2), and, second, present a similar one for groups
(Theorem 2.1). Coupled with the classical Birkhoff’s theorem about varieties of
algebraic systems, this gives a simple yet elegant criterion for an algebra or group
not to satisfy a nontrivial identity (Corollaries 1.7 and 2.3). The corresponding
group result is not entirely new (see comments after Corollary 2.2), but, we believe,
its proof is, and the links between apriori unrelated concepts, ideas and results is
the only novelty, if any, of this note.

As an application, we outline alternative, “by abstract nonsense”, proofs of some
particular cases of the well-known results from the theory of PI algebras (§3), of
results about algebras having the same identities (§4), and establish that Tarski’s
monsters without identities have infinite (relative) girth (§5).

The narrative is occasionally interspersed with questions and speculations.

NOTATION AND CONVENTIONS

In what follows, by just “algebra” or “ring”, we mean an arbitrary, not necessary
associative, or Lie, or satisfying any other distinguished identities, algebra or ring,
unless it is stated otherwise.
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Recall the construction of the ultraproduct. Let {A;};cr be a set of algebras,
and & is an ultrafilter on the set I. Then

7(I]4n2) = s € [T 4 1 {i €11 1) = 0} € 7}
i€l icl
is an ideal of the direct product J],.; As, and the quotient by this ideal is called
ultraproduct of the set {A;};,c1 with respect to ultrafilter 2, and is denoted as
[15 Ai. In the particular case where all A;’s are isomorphic to the same algebra A,
their ultraproduct is called ultrapower of A and is denoted as AZ.
The construction for groups is similar. We refer to [E] and [BS] for all necessary
notions and results related to ultrafilters and ultraproducts.

If A is an algebraic system (algebra or group), Var(A) denotes a variety gener-
ated by A.

1. ALGEBRAS

Let U be a variety of algebras, and F(X) is a free algebra in this variety generated
by a set X. By words we mean elements of F(X) for some X. The standard
grading on F(X) is defined by length of words. By 2-nontrivial words we mean
words degrees of all whose homogeneous components in the first two indeterminates
are non zero. For example,

zy, (zy)r — (zy)(xz),  (2y)z +2(tz)y + x(yz)(tz)
are 2-nontrivial words in z,y, z, ¢ (in that order), while
x, wz, (wy)rtaz, o (y2)(t) + (2y)z
are not.

Lemma 1.1. For an algebra A € U, the following is equivalent:

(i) For any two nonzero ideals I,J C A, IJ # 0.
(ii) For any two nonzero elements x,y € A, there is a 2-nontrivial word
w(&1, ..., &), n > 2 and elements x1,...,2,—2 € A such that

w(‘r?y7x17"'a'rn—2) ;é 0.

Proof. (i) = (ii). Suppose there are nonzero x,y € A such that for any 2-nontrivial
word w(&y,...,&,) and any 21,...,2p—2 € A, w(x,y,21,...,Tn—2) = 0. Let T and
J be ideals of A generated by = and y respectively. Clearly IJ = 0, a contradiction.

(ii) = (i). Suppose I,J are two nonzero ideals of A. Taking x € I and y € J,
we have w(z,y,z1,...,Z,—2) # 0 for some 2-nontrivial word w and elements z; of
A. But clearly w(z,y,x1,...,2n—2) € IJ, hence I.J # 0. O

An algebra A € U satisfying the equivalent conditions of Lemma 1.1, is called
U-prime. When U is a variety of all associative algebras, this notion coincides with
the classical notion of a prime associative algebra.

Clearly, if 2 is another variety and U C 20, an algebra A € U is U-prime if and
only if it is 20-prime, so we can speak about just prime algebras (which are prime
in the variety of all algebras).

Theorem 1.2 (Robinson—-Amitsur for algebras). Let {B;}icr be a set of algebras.
If a prime algebra A embeds in the direct product [[,.; Bi, then A embeds in an
ultraproduct [, B;.

i€l
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Proof. Define

S ={iell|f) #0}[f €A, f+#0}
Let us verify that intersection of any two elements of . contains an element of ..
Let M,N € ./, say, M = {i € I| f(i) # 0} and N = {i € I | g(¢) # 0} for some
nonzero f,g € A. Since A is prime, w(f, g,h1,...,hn—1) # 0 for some 2-nontrivial
word w and hy,...,h,_o € A, and, consequently,

MNOND{iel|w(f,g,h1,...,hn2)(i)#0} €S
Thus . satisfies the finite intersection property and contained in a certain ul-

trafilter 2 on I. Factoring the embedding of algebras A — []..; B; through the
ideal Z([ [,y Bi, Z), we get an embedding of algebras

i€l
i€l

A/(AmI(HBi,@)) . (HBZ->/I(HB1-,@> =I5

Let f € AHI(HZ.GH B, @). Then {i € I| f(i) = 0} € Z, and, since Z is ultrafilter,
{i €| f(i) 20} ¢ 2, and hence {i € T| f(i) # 0} ¢ .. From f € A and the

definition of .% follows that f = 0. This shows that A N I(Hiel Bi, .@) —0. O
Question 1.1. Is the converse of Theorem 1.2 true, at least in the class of asso-
ciative algebras? That is, suppose that for an algebra A the following holds: for any
set of algebras {B;}ic1, if A embeds in the direct product [[,.; B;, then A embeds
in an ultraproduct [[, B;. Does this imply that A is prime? that A satisfies any
other natural structural condition?

The ultraproduct construction used in the proof Theorem 1.2 mimics the old one,
used by Robinson and Amitsur in Ring Theory, mentioned in the introduction.

Embedding stated in Theorem 1.2 is embedding of K-algebras defined over the
same base field K over which all the algebras in question are defined. Of course,
the ultraproduct [],, B; is defined also over the ultrapower field K 7. so we have
an embedding of KZ A in [I, Bias K 7_algebras. Due to the universal property of
the tensor product, there is a surjection of K?-algebras

(1) Aog K7 - K7A,

but this surjection is, in general, not a bijection.

One may eliminate hurdles related to the ground field altogether by considering
Theorem 1.2 as a statement about embeddings of rings. In this way we get a
nonassociative analog of one of the classical embedding results in Ring Theory
mentioned in the introduction:

Corollary 1.3. If a prime ring A embeds in the direct product of division rings,
then A embeds in a division Ting.

Proof. By Theorem 1.2, A embeds in an ultraproduct of division rings. As the
property to be a division ring is the first-order property, by Los’ theorem the ul-
traproduct of division rings is a division ring, whence the conclusion. O

Another application is to varieties of algebras:

Corollary 1.4. Let B be an algebra, and A is a relatively free algebra in Var(B).
If A is prime, then it embeds in an ultrapower of B.
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Proof. According to Birkhoff’s theorem, A = F/T for an ideal Z of an algebra F,
and F is a subalgebra in a direct power of B. Because of the universal property of
A, the short exact sequence 0 — Z — F — A — 0 splits, i.e., A embeds in F, and
hence in a direct power of B. Then apply Theorem 1.2. [

The condition of Corollary 1.4 — that a relatively free algebra in a variety is
prime — is fulfilled for the major varieties of algebras considered in the literature:
all algebras, associative, and Lie (on the other hand, it is not fulfilled for Jordan
and alternative algebras). Indeed, for free algebras and free associative algebras
this is obvious, as they do not have zero divisors. Now, let I, J be two ideals of a
free Lie algebra. By the Shirshov-Witt theorem about freeness of subalgebras of a
free Lie algebra, neither of I, J could be one-dimensional, and hence we may choose
two linearly independent elements x € I and y € J. Their commutator is nonzero,
as otherwise they form a 2-dimensional abelian subalgebra, what again contradicts
the Shirshov—Witt theorem. Hence [I, J] # 0.

It fulfilled also for any variety generated by a prime algebra itself:

Lemma 1.5. Let A be a prime algebra over an infinite field. Then the countably-
generated relatively free algebra in Var(A) is prime.

Proof. Let F(X) be the relatively free algebra in Var(A) freely generated by an in-
finite set X = {x1, 9, ... }. Suppose that there are nonzero elements u(x1,...,x,),
v(x1,...,2Tn) € F(X) such that

(2) WU, VUL, ey Upy) = 0

for any 2-nontrivial word w and wuq, ..., u,;, € F(X). As any relation between free
generators of F(X) is an identity in A, the equalities (2) are identities in A. Taking
U] = Tpy1,U2 = Tp2,- .., we get that

w(uw(zr, .., Tn),0(T1, -, Tn), Tntly - s Tntm) = 0
for any 2-nontrivial word w and any x1,...,Zpn, Tni1, .-, Tntm € A. As A is prime,
either u(xy,...,2,) =0 or v(xy,...,2,) =0 for any x1,...,z, € A.
Both sets of n-tuples of elements of A on which u, respectively v, does not vanish,
form a nonempty Zariski-open subset in A x --- X A (n times), whence they have
a nonzero intersection, a contradiction. [l

Another important observation is that for relatively free algebras A in the vari-
eties of all algebras, associative algebras, and Lie algebras, the surjection (1) is a
bijection.

Lemma 1.6. Let A be a subalgebra of an algebra B, both defined over a field K.
Suppose B is also defined over a field F' containing K, and that as a K -algebra, A
does not have commutative subalgebras of dimension > 1. Then FA~ A®k F as
F-algebras.

Proof. The claimed isomorphism follows from the fact that the linear dependence
of elements of A over F' implies their linear dependence over K. Indeed, consider
the linear dependence

(3) frax + -+ fnan =0,

where f; € F, a; € A, and let us prove by induction on n that aq,...,a, are linear
dependent over K. For n = 1 this is trivial. Taking commutator with a, of the
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both sides of (3), we get
fl[@l,an] + -+ fn—l[an—laan] =0.

(we use the usual notation for the commutator: [a,b] = ab — ba). By induction
assumption, there are kq,...,k,_1 € K such that
kilar, an] + -+ kn-1an—1,an] = [k1a1 + - + kn—1an-1,a,] = 0.

But since A does not have commutative subalgebras of dimension > 1,
k(k1a1 + -+ knflanfl) + éan =0
for some k,/ € K. O

Obviously, the condition of this Lemma is satisfied when A is a free algebra or a
free Lie algebra in > 1 free generators (due to Shirshov-Witt theorem). A similar,
but just a little bit more involved argument (see, for example, proof of Lemma 1 in
[MM]) shows that the same conclusion holds when A is a free associative algebra
in > 1 free generators.

All these observations lead to

Corollary 1.7 (Criterion for absence of non-trivial identities of algebras). For
an algebra B belonging to one of the following variety of algebras: all algebras,
associative, or Lie, the following is equivalent:

(i) B does not satisfy a nontrivial identity;
(ii) a free algebra embeds in an ultrapower of B;
(i) a free algebra embeds in an algebra elementary equivalent to B.

Proof. (i) = (ii) follows from Corollary 1.4. Note that due to Lemma 1.6 (applied to
the case I’ = K7, where K is the ground field, and 2 is the appropriate ultrafilter)
and remarks after it, the embedding of Corollary 1.4 could be considered as an
embedding of K ?-algebras.

(ii) = (iii) By Lo$’ theorem, the pairs (B, K) and (BZ,K?) are elementary
equivalent as models of the two-sorted theory (algebra over a field, field).

(iii) = (i) An algebra elementary equivalent to B does not satisfy a nontrivial
identity. Since the latter is the first-order property, B does not satisfy a nontrivial
identity too. [

Remarks. (1) Of course, the equivalence of conditions (ii) and (iii) above also follows
from Keisler’s ultrapower theorem (see, for example, [BS, Chapter 7, Corollary 2.7]).

(2) Recall the well-known fact from the model theory: an algebra A embeds in
an ultrapower of an algebra B if and only if Thy(A) C Thy(B), where Thy denotes
the universal theory of an algebra (see, for example, [BS, Chapter 9, Lemma 3.8]).
This allows to add another equivalent condition to Corollary 1.7: a universal theory
of a free algebra is contained in the universal theory of B.

Let us provide some negative examples showing that conclusions of some state-
ments of this section do not always hold.

The conclusion of Lemma 1.6 does not hold for polynomial algebras in > 1 vari-
ables (i.e., for free associative commutative algebras). Indeed, let F' = K ((x)) (the
field of rational function in 1 variable) and A = K{z,y| (the algebra of polynomial
in 2 variables). Then

FA=K((2))y] ~ Kly] ok K((x)),
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but AQx F = Kz,y] @k K((x)).

In some other situations, the surjection (1) also can be very far from being a
bijection. For example, consider the relatively free countably-generated algebra
F in the variety Var(A) generated by a finite-dimensional prime algebra over an
infinite filed K. By Lemma 1.5, F is prime, and by Corollary 1.4, F embeds, as
a K-algebra, in an ultrapower AZ ~ A @i K7 (see Corollary 3.3 below). Hence
K?F is a finite-dimensional KZ-algebra. On the other hand, since F is residually
nilpotent (see, for example, [Ba, §4.2.10] for the case of Lie algebras; the general
case is treated identically), the finite-dimensionality of F implies nilpotency of F,
and hence nilpotency of A, a contradiction. Consequently, F is infinite-dimensional
over K, and F @k K7 is infinite-dimensional over K?. Essentially the same type
of arguments we will use below in §4, when describing an alternative approach
to Razmyslov’s result about varieties generated by simple finite-dimensional Lie
algebras.

2. GROUPS

For groups, the role of the algebra primeness property which guarantees the
existence of Robinson—Amitsur ultrafilter, is played by the group property that
every abelian subgroup is cyclic of prime or of infinite order.

Theorem 2.1 (Robinson-Amitsur for groups). Let {F;};er be a set of groups and
G is a group such that every its abelian subgroup is cyclic either of a prime order,
or of infinite order. If G embeds in the direct product [, .4 Fi, then G embeds in
an ultraproduct [],, F;.

i€l

Proof. The proof goes similar to the proof of Theorem 1.2, the only difference being
in establishing the finite intersection property of the set

S ={iellf()#1} [ € G, f#1},

which goes as follows.

Let M,N € ., say, M = {i € I| f(i) # 1} and N = {i € | g(i) # 1} for
some f,g € G different from 1. Suppose first that f and g do not commute, i.e.
h = f~lg=1fg is different from 1. Obviously, either of f(i) = 1 or g(i) = 1 implies
h(i) =1 for any i € I. Consequently,

(4) MNOND{iel|h(i)#1} €.7.

Suppose now that f and g commute. Then they lie either in a cyclic subgroup
Z,, generated by an element a € G of a prime order p, or in an infinite cyclic
subgroup Z, generated by an element a € G of infinite order. Write f = a™ and
g = a™ for some 0 < n,m < p in the first case, and n,m € Z\{0} in the second
one, and let h = a™ = f™ = ¢g". Note that in both cases, due to restriction on
order of a, h # 1. Now again, either of f(i) = 1 or ¢g(i) = 1 implies h(i) = 1 for
any ¢ € I, and (4) holds also in this case. O

The following question about inverse of this Theorem is similar to Question 1.1:

Question 2.1. Suppose that a group G satisfies the conclusion of Theorem 2.1:
that is, for any set {Fi}ic1 of groups, if G embeds in the direct product [[;c; Fi,
then G embeds in an ultraproduct [[,, F;. Could G be characterized in terms of
some structural properties?
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Corollary 2.2.
(i) If G is a group which does not satisfy any nontrivial identity except x? = 1
for a certain prime p, and its consequences, then a free Burnside group
embeds in an ultrapower of G.
(ii) If G is a group which does not satisfy any nontrivial identity, then a free
group embeds in an ultrapower of G.

Proof. Similarly to Corollary 1.4, the proof consists of appealing to Birkhoff’s the-
orem, and remark that the condition on identities of G means that all abelian
subgroups of a relatively free group in Var(G) are cyclic either of order p in the
case (i), or of infinite order in the case (ii), and hence Theorem 2.1 is applicable. O

This Corollary is probably known to experts — at least statements equivalent to
the part (ii) can be found in [Bo, Theorem 1] and [DS, Lemma 6.15]. The proofs
there are different and based on the fact that ultraproducts are w;-compact.

Corollary 2.3 (Criterion for absence of non-trivial identities of groups). For a
group G the following is equivalent:

(i) G does not satisfy a nontrivial identity;
(ii) a nonabelian free group embeds in an ultrapower of G;
(iii) a nonabelian free group embeds in a group elementary equivalent to G.

Proof. Note that by the Nielsen—Schreier theorem, every subgroup of a free group
is free, hence every its abelian subgroup is infinite cyclic, so a free group satisfies
the condition of Theorem 2.1. The rest of the proof is the same as of Corollary
1.7. O

The same remarks as those after Corollary 1.7 apply also in the group case. In
particular, the condition (ii) above is equivalent to the condition that the universal
theory of a free group is contained into the universal theory of G.

Question 2.2. Is there a semigroup property such that the corresponding analogs
of the results of this section would hold for semigroups?

3. APPLICATION: PI

As an application of this machinery, let us demonstrate how one can handle, in
a way different from the traditional approaches, some well-known statements from
the theory of associative algebras satisfying polynomial identities (usually called PI
by associative algebraists).

The celebrated Regev’s “A® B theorem” asserts that the tensor product of two PI
algebras A and B is PI (see, for example, [KR, Theorem 5.42]). If we want to prove
it using results of §1, we encounter a few difficulties: first, to establish relationship
between the ultrapower of the tensor product (A ® B)? and the tensor product of
ultrapowers AZ @ B? (perhaps, considering some sort of completed tensor product
instead of the usual one may help), and, second, to be able to say something about
algebras A and B such that their (possibly completed) tensor product contains a free
associative algebra. But at least, in this way we are able to provide an alternative
proof of a particular case where one of the tensor factors is finite-dimensional (first
established by Procesi and Small in [PS] for even more particular case where one
of the tensor factors is a full matrix algebra). This particular case is morally
important, as semiprime PI algebras embed in matrix algebras over commutative



8 PASHA ZUSMANOVICH

rings (see, for example, [KR, Remark 1.69]), what essentially reduces the situation
to a finite-dimensional one.

Theorem 3.1 (“Baby Regev’s A ® B”). The tensor product of two associative
algebras, one of them PI and another one is finite-dimensional, is PI.

Lemma 3.2. Let A, B be algebras defined over a field K, and A is finite-dimen-
sional. Then, for any ultrafilter 2,

(A®k B)? ~ A®x B?
(as K-algebras).

The special cases of this assertion were proved many times in literature — for
example, in [NN] for the case where A is an associative full matrix algebra, and in
[T, Proposition 25] for the case where both A and B are finite-dimensional, and
the proof is standard.

Proof. Let {a1,...,a,} be a basis of A. Obviously, for each K-algebra C, each
element of A ® g C could be uniquely represented as Zzzl ar ® ¢, for some ¢, € C.
Define a map
v: (A®g B! - Aok B

as follows: for f € (A @k B)! write f(i) = Y p_,ar @ by, @ € I and define
o(f) € Ak B as > h_y Ak @ gk, where g € B is defined as gy (i) = by, i € L.
Writing multiplication in A in terms of the basis elements, one can see that ¢ is an
isomorphism of K-algebras.

The ideal Z((A ®x B)!, 2) maps under ¢ to A @k Z(B', 2), so factoring out
both sides of the isomorphism ¢ by the corresponding ideals, we get:

(Aok B)” = (A®k B)'/I(A®k B)',2) ~ (A®k B")/(A2k I(B', 7))
~ A®k (BYI(B', 2)) = Aok B?.
0

Corollary 3.3 ([T], Proposition 21). Let A be a finite-dimensional algebra defined
over a field K. Then, for any ultrafilter 2, A? ~ Ay K? (as K-algebras).

Proof. Put B = K. O

Proof of Theorem 3.1. Let A be a finite-dimensional associative algebra, and B is
PI, defined over a field K. Suppose A @k B is not PI. Then by Corollary 1.7,
some ultrapower (A ®x B)?, considered as a K Z-algebra, contains a free finitely-
generated associative subalgebra F. By Lemma 3.2,

(A®k B)? ~ (A®g K?) @k B?

as K7-algebras.

Since F is finitely-generated, we may choose a finitely-generated K ?-subalgebra
B’ of BZ such that F is a subalgebra of (A®x K?) ®xo B'. Since B is PI, B? is
PI, and B’ is PI. Shirshov’s height theorem implies that B’ has polynomial growth
(or, in other words, its Gelfand-Kirillov dimension is finite; see, for example, proof
of Theorem 9.19 in [KR]). As A®x K7 is finite-dimensional (over K?), the tensor
product (A ®x K?) @ o B’ has polynomial growth too. But this contradicts the
fact that its subalgebra F has exponential growth. (]
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Needless to say, this proof, unlike those in [PS], as well as all the proofs of the
full-fledged Regev’s A® B, is absolutely non-constructive, as it uses existence of an
ultrafilter, and, therefore, axiom of choice.

Along the same lines one may treat, at least in some particular cases, a number of
other well-known results from PI theory: commutativity of an ordered PI algebra;
PlIness of a finitely-graded algebra with PI “null component”; of an algebra with a
group action whose fixed point subalgebra is PI; of a localization of a Pl-algebra;
of algebras with involution, etc.

One may try to apply the same reasoning to the known open problem: suppose
an associative algebra R is represented as the vector space sum of its subalgebras:
R = A+ B. If A, B are PI, is it true that R is PI? (see [FGL] and [KP] with
a transitive closure of references therein). It is easy to see that the operation of
taking ultraproduct commutes with the operation of taking the vector space sum:
R? = A? + B?. Consequently, the question can be reduced to the following one:
is it possible that the vector space sum A + B of two PI algebras can contain
a free associative subalgebra? If A + B is finitely-generated, the impossibility of
this follows from the same growth argument as in the proof of Theorem 3.1. The
difficulty, however, lies in the fact that it is not clear how to reduce the situation to a
finitely-generated one, as the multiplication between A and B could be intertwined
in a complicated way.

4. APPLICATION: ALGEBRAS WITH SAME IDENTITIES

In [R, 85|, Razmyslov obtained results claiming that some classes of finite-
dimensional algebras (e.g., prime over algebraically closed field) are uniquely deter-
mined by their identities. Another result in this direction:

Theorem 4.1. Let & be a class of finite-dimensional algebras satisfying the fol-
lowing conditions:

(i) If A,B € &, A and B are defined over the same field, A is a subalgebra
of B, and Var(A) = Var(B), then A = B.
(il) £ is closed under elementary equivalence in the first-order two-sorted the-
ory of pairs (algebra over a field, field).
(iil) & contains all finite-dimensional prime algebras.
Then & satisfies the following strengthening of the condition (i): if A,B € &, A
and B are defined over the same field, and Var(A) = Var(B), then A ~ B.

We stress that the ground field over which algebras in the class & are defined,
is not fixed.

Proof. Let A, B € Z, both defined over a field K, are such that Var(A) = Var(B).
Lemma 1.5, Corollary 1.4 and Corollary 3.3 imply that a relatively free algebra F in
the variety Var(A) = Var(B) embeds, as a K-algebra, into an algebra A ® K7 for
some ultrafilter 2. Hence K7 F is isomorphic, as a K Z-algebra, to a subalgebra of
A®K?. It is easy to see that primeness of the K-algebra F implies primeness of the
K7-algebra K? F. By (iii), the latter algebra belong to &, and by Lo§’ theorem
and (ii), the KZ-algebra A ®x K? belongs to &. Obviously, K7 F satisfies over
K7 the same identities as A over K. Then by (i), K?F ~ A®yx K?. By the same
reasoning, K?F ~B®y KZ. Hence AQx KZ? ~ By K as K@—algebras, and
A ~ B as K-algebras. (]
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This theorem allows, for example, to obtain an alternative proof of Razmyslov’s
results in an important particular case of finite-dimensional simple Lie algebras
over an algebraically closed field of characteristic zero (see [R, §5, Corollary 1 and
Comments]). Indeed, the condition of the theorem are fulfilled for such class of
algebras: (i) can be proved with the help of the well-known Dynkin’s classification
[D] of semisimple subalgebras of semisimple Lie algebras, (ii) is evident, and (iii)
follows from the obvious fact that for finite-dimensional Lie algebras over a field of
characteristic zero, simplicity is equivalent to primeness.

The same approach could be applied to finite-dimensional simple Jordan algebras
(what follows from the general Razmyslov’s results and also established indepen-
dently in [DR]).

Along the same lines one may treat varieties generated by affine Kac-Moody
algebras. Consider, for example, a Lie algebra of the form

(5) g=g® K[t + Kz,

where g is a split finite-dimensional simple Lie algebra defined over a field K of
characteristic zero, z is the central element, and the multiplication between elements
of g® KJt,t71] is twisted by the well-known 2-cocycle:

[z® fy®g]=[r,y]® fg+ (z, y)ReS(%g)z

where v,y € g, f,g € K[t,t7!], and (-,-) is the Killing form on g.

In [Z] it is shown, among other, that Var(g) = [Var(g), E], where E is the
variety consisting of the single zero algebra, and [-,-] is the standard commutator
of varieties as defined in [Ba, §4.3.8] (in other words, for a variety V, [V,E] is
nothing but a variety defined by identities of the form [f(z1,...,2n), Znt1] = 0,
where f(z1,...,2,) = 0 is an identity in V). Let us complement this result by
showing that relatively free algebras in Var(g) embed in algebras whose structure
closely resembles those of g.

Note that the Lie algebra g ® K|[t,t~1] is simple, so g is a central extension of
a simple (and hence, prime) Lie algebra. By an obvious modification of the proof
of Lemma 1.5, one get that for the countably-generated relatively free algebra £
in Var(g), £/Z(L) is prime, and, by Theorem 1.2 and Lemma 3.2, embeds in
g ® K[t,t71]? for a certain ultrafilter . From the results of [Ba, §4.4] it follows
that £ embeds in a central extension of g® K[t,t~*]?. The latter, by [K, Theorem
3.3 and Corollary 3.5], is described in terms of the first-order cyclic homology of
K[t,t7']7, so we get an imbedding

LcCgoK[t,t Y7 + HC\(K[t,t~17),
where the multiplication in the right-hand side Lie algebra is defined by the formula
[r® Fly®G] =[2,y] ® FG + (2,y) FAG,
where z,y € g, F,G € K[t,t7']7, and F A G denotes the corresponding homology
class in HCy (K[t,t71]7).

The addition in (5) of the K t% term, or twisting by automorphisms of g, do not
significantly change the picture, and could be treated in the same way.
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5. APPLICATION: TARSKI’S MONSTERS

Under Tarski’s monster of type p, p being a prime (respectively, of type o0o)
we understand an infinite nonabelian group all whose proper subgroups are cyclic
of order p (respectively, of infinite order). Such groups were constructed, among
other groups with exotic-looking restrictions on subgroups, by Olshanskii in the
framework of his celebrated machinery of geometrically-motivated manipulations
with group presentations (see, for example, [O1, Chapter 9, §28.1]).

Let G be a finitely-generated group, and

(6) {I} =N —=F—-G- {1}

is its presentation, where F is a finitely-generated free group, and A is its normal
subgroup of relations. The girth of the presentation (6) is the minimal length of
elements of NV, i.e., the minimal length of relations between the chosen generators
of G (or, in other words, the minimal length of a simple loop in the corresponding
Cayley graph). The girth of G is the supremum of girths of all its presentations
with a finite number of generators. This natural notion was introduced and studied
recently by Akhmedov in [Al] and [A2], and by Schleimer in [S]. One of the
interesting questions arising in that regard is to construct groups of infinite girth.

As noted in the above-mentioned works, a group satisfying a nontrivial identity
cannot have an infinite girth. To circumvent this obstacle, let us introduce the
notion of relative girth — a girth relative to all identities a group satisfies: in the
definition of girth above, replace in (6) the (absolutely) free group F by a (finitely-
generated) relatively free group in the variety Var(G).

Theorem 5.1.

(i) A Tarski’s monster of type p does not satisfy any nontrivial identity except
P =1 and its consequences, if and only if it has infinite relative girth.

(ii) A Tarski’s monster of type oo does not satisfy any nontrivial identity if
and only if it has infinite girth.

Remark (A. Olshanskii). Tarski’s monsters satisfying the condition (ii) of the the-
orem do exist (and, moreover, there is an abundance of them), and they can be
constructed in the following way.

According to [02, Corollary 1], each non-cyclic torsion-free hyperbolic group Gy
has a homomorphic image G which is a Tarski’s monster of type co. Such monsters
are constructed by a subsequent application of [02, Theorem 2], as the direct limit
of a system of surjective maps of groups Go — G; — .... Each G, is a non-
cyclic torsion-free hyperbolic group (and hence contains a countably-generated free
subgroup), and is 2-generated for n > 1. Let us denote, by abuse of notation, the
corresponding generators by the same letters a,b (so, a,b € G,, are images of a,b €
G,-1), and each G,, is obtained from G,,_; by adding additional relations between
these two generators. Also, the injectivity radius of each surjection G,_1 — G,
(i.e., the maximal number r such that the map is injective on all words of length
< r) can be chosen to be arbitrarily large.

Enumerate all non-trivial words in the free countably-generated group F as
V1, Vg, .. .. Since each G,, contains a copy of F, there are elements in GG,, such that
the value of v, on these elements is different from 1. Writing these elements in
terms of the generators a, b, we get

(7) wp(a,b) = vy (wn1(a,b), wne(a,b),...) #1in G,
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for some (finite number of) words wy,, wp1, Wna, - . - .

Now, on each step choose the injectivity radius of the surjection G,, — G411
larger than the length of all words w,...,w, constructed in the previous steps.
Consequently, (7) holds in all groups Gp41, Gn+2, . - ., and hence in the limit group
G. This implies that v, = 1, for any n, cannot be an identity of G.

Question 5.1. Prove existence of Tarski’s monsters satisfying the condition (i) of
Theorem 5.1.

Proof of Theorem 5.1. The “only if” part is obvious, so let us prove the “if” part.
Let G be Tarski’s monster either of type p which does not satisfy any nontrivial
identity except P = 1 and its consequences, or of type oo which does not satisfy a
nontrivial identity. By Corollary 2.2, a group elementary equivalent to G contains
a subgroup isomorphic to a relatively free 2-generated subgroup G (which is the
free Burnside group B(2,p) in the case (i), or the free group in the case (ii)). Let
x,y be the free generators of G, and

{wi(z,y) = z,we(z,y) = 27" w3(2,y) = y,wa(z,y) =y~ ', ..., wi, (z,y)}

is the set of all words of G of length < n. The existence of this “initial piece of G
of length n” can be written as the first-order property:

Jz Jy - /\ wz(x7y> #wj($7y)'
1<i<j<ky
Consequently, for each n € N, the same first-order formula holds in G, let z,,,y, € G
be the corresponding elements. Obviously, ., ¥, do not commute except, possibly,
for some small values of n, and, therefore, generate G. This provides a presentation
of G of (relative) girth > n. O

Note another interesting consequence of Theorem 5.1.

The growth sequence of a group G is a sequence whose nth term equal to the
(minimal) number of generators of the nth fold direct power of G. See [W] for
a brief history of the subject and further references. In particular, in a number
of works, including [W], a considerable effort was put into construction of groups
whose growth sequence is constant, each term is equal to 2. Theorem 5.1 provides
further such examples, in view of the following general elementary fact:

Lemma 5.2. If a finitely-generated simple group G has infinite relative girth, then
its growth sequence is constant, each term is equal to the minimal number of gen-
erators of G.

Proof. Let n be the minimal number of generators of G. Infinity of the relative
girth of G means that there is an infinite sequence N1, N>, ... of normal subgroups
of the free n-generated relatively free group G in Var(G) such that for every i the
length of each word in N; is >4, and G/N; ~ G.

Let us prove by induction that for each k € N there is a sequence i1 < is < -+ <
1}, such that

(8) G/WNGy N NN ) ~GxGx--xG (k times).

For £ = 1 we may take ¢; = 1. Suppose that for some k > 1 the isomorphism
(8) holds. It is obvious that N;, N---NA;, # {1}. On the other hand, since
ﬂi>ik N; = {1}, there is ip1 > i) such that

Mlm"'ﬂMk ZMkJrr
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Since G is simple, NV;, , is a maximal normal subgroup in G, and
g= (M1 n--- ka)Mk+1'
Then:

g/(Ml - ﬂj\fik ka+1) = g/(Ml n--- ka) X g/Nk+1
~Gx--xG (k+1 times).
It follows from (8) that each finite direct power of G is n-generated. g

In fact, nothing in this proof is specific to groups: the corresponding statement
could be formulated for general algebraic systems; in particular, it holds also for
algebras.

Lemma 5.2 implies that the growth sequence of Tarski’s monsters satisfying the
conditions of Theorem 5.1 is constant, each term is equal to 2.

6. FURTHER SPECULATIONS

Here we indicate some of our initial reasons for looking into all this, of a highly
speculative character.

6.1. Lie-algebraic monsters. A problem of existence of Lie-algebraic analogs of
Tarski’s monsters — namely, of infinite-dimensional Lie algebras all whose proper
subalgebras are one-dimensional — is, arguably, one of the most difficult problems
in the abstract theory of infinite-dimensional Lie algebras. For such hypothetical
Lie algebras which do not satisfy a nontrivial identity, an analog of Theorem 5.1
would hold.

Question 6.1. Study the notion of (relative) girth for Lie algebras.

6.2. Tits’ alternative. Another reason was the desire to provide an alternative
proof of the celebrated Tits’ alternative, or for one of its not less celebrated conse-
quences, such as growth dichotomy for linear group. Tits’ alternative claims that a
linear group contains either a solvable subgroup of finite index, or a nonabelian free
subgroup. A nice and important, yet admitting a few-lines elementary proof, result
of Platonov [P] states that a linear group which has a nontrivial identity, contains a
solvable subgroup of finite index. Modulo this result, the proof of Tits’ alternative
reduces to establishing that a linear group G which does not satisfy a nontrivial
identity, contains a nonabelian free subgroup. One may naively argue as follows:
by Corollary 2.3, a group, elementary equivalent to G, contains a nonabelian free
subgroup. From this we may infer some first-order properties of G, for example,
that it contains “a piece of a nonabelian free group of arbitrarily large length”, like
in the proof of Theorem 5.1. On the other hand, as linearity is a sort of finiteness
condition, one may hope that these first-order properties may help to construct a
nonabelian free subgroup in G. If successful, this approach would provide a proof
of the Tits’ alternative drastically different from all the proofs given so far.

6.3. Jacobson’s problem. An old open problem due to Jacobson asks whether a
Lie p-algebra L such that for every x € L there is n(z) € N satisfying

9) "7 =a,

is abelian? As one of the first steps, one may wish to prove that such Lie algebras
satisfy a nontrivial identity; or, for example, that there are no simple (or even
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prime) such algebras. In both of these cases, by Lemma 1.5 and Corollary 1.4,
a free Lie algebra embeds in an algebra elementary equivalent to L, over some
elementary extension of the ground field. The condition (9) is not the first-order
property (unless all n(x) are bounded, in which case the problem is trivial), but
one may hope to derive from it some first-order consequences which will come into
contradiction with the existence of a free Lie subalgebra.
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